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Transient Coupled Heat Transfer in Three-Layer
Composite with Opaque Specular Surfaces

Jian-Feng Luo,¤ Xin-Lin Xia,† and He-Ping Tan‡

Harbin Institute of Technology, 150001 Harbin, People’s Republic of China
and

Timothy W. Tong§

Colorado State University, Fort Collins, Colorado 80523-1374

A ray tracing/node analyzing method is applied to investigate one-dimensional transient coupled radiative and
conductive heat transfer in a three-layer absorbing and isotropically scattering composite with opaque specular
surfaces and semitransparent specular interfaces. The re� ectivities of the semitransparent interfaces are angularly
dependent and determined by Fresnel’s re� ective law and Snell’s refractive law. The radiative transfer coef� cients
for calculating the radiative heat source term are deduced by the ray tracing method in combination with the
zonal method. The transient energy equation is solved by the fully implicit control-volumemethod in combination
with the spectral band model. The effects of surface emissivity, scattering albedo, refractive index and extinction
coef� cient on transient coupled heat transfer are investigated in detail under radiative and convective boundary
conditions.

Nomenclature
Ak;Ti = fractional spectral emissive power of

spectral band k at nodal temperature Ti ,Z

1¸k

I¸;b.Ti / d¸

¾ T 4
i

a1; a2 = surface, interface or control volume, used
to de� ne one-layer radiative intensity
quotient transfer function

b1; b2 = surface or interface, used to de� ne
two-layer radiative intensity quotient
transfer function

cb = speci� c heat capacity of bth layer,
J kg¡1 K¡1

E = radiative intensity quotient transfer
function of two-layer semitransparent
medium (STM) model

F = radiative intensity quotient transfer
function of one-layer STM model

h1; h2 = convective heat-transfer coef� cients at
surfaces S1 and S2 , respectively,W m¡2 K¡1

Ib = I th node in bth layer
kb = thermal conductivityof bth layer

of medium, W m¡1 K¡1

kie; kiw = harmonic mean thermal conductivity
at interface ie and iw, W m¡1 K¡1

Lb = thickness of bth layer, m
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L t = total thickness of composite,
L1 C L2 C L3 , m

Mb = number of control volumes of bth layer
Mt = total number of control volumes of

composite, M1 C M2 C M3

NB = total number of spectral bands
Nb = conduction-radiationparameter of bth

layer of medium, kb=.4¾ T 3
r L t /

nb;k = spectral refractive index of bth layer
n 0

i;k = refractive index of i th control volume;
when i · M1 , n 0

i;k D n1;k ; when
M1 < i · M1 C M2, n0

i;k D n2;k ; when
M1 C M2 < i · Mt , n0

i;k D n3;k

n0; n4 = refractive indexes of the surroundings
(equal to the refractive index of air ng;
Fig. 1)

P; Q = interfaces in composite (Fig. 1)
P1; P2 = sides of interface P facing toward the � rst

and the second layers, respectively
Q2; Q3 = sides of interface Q facing toward the

second and the third layers, respectively
qc; qr = thermal conductive and radiative heat

� uxes, respectively,W m¡2

q t = total heat � ux, qc C qr , W m¡2

Qq = dimensionless heat � ux, q=.¾ T 4
r /

Su ; Sv = surfaces, u; v D 1 or 2
.Su Sv/k ; [Su Sv]k = ratios of radiative energy arriving at Sv to

that emitted from Su in the kth spectral
band (1¸k/ for nonscatteringand scattering
media, respectively

.Su V j /k ; [Su V j ]k = ratios of radiative energy arriving at V j

to that emitted from Su in the kth spectral
band (1¸k/ for nonscatteringand scattering
media, respectively

S1; S2 = boundary surfaces (Fig. 1)
S¡1; SC1 = left and right black surfaces

representing the surroundings (Fig. 1)
T = absolute temperature, K
Tg1; Tg2 = gas temperatures for convection

at x D 0 and L t , respectively,K
Tr = reference temperature, K
TS1 ; TS2 = temperatures of the boundary surfaces

S1 and S2 , respectively,K
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T0 = uniform initial temperature,K
T¡1; TC1 = temperatures of the black surface S¡1 and

SC1 , respectively,K (Fig. 1)
t = physical time, s
VIb = I th control volume of bth layer, I D 1 » Mb

Vi = i th control volume, i D 1 » Mt

.Vi Sv /k ; [Vi Sv]k = ratios of radiative energy arriving at Sv to
that emitted from Vi in the kth spectral band
.1¸k / for nonscatteringand scattering
media, respectively

.Vi V j /k; [Vi V j ]k = ratios of radiative energy arriving at V j to
that emitted from Vi in the kth spectral band
(1¸k/ for nonscatteringand scattering
media, respectively

X = dimensionless coordinate in direction
across layer, X D x=L t

x = coordinate in direction across layer, m
xb

a = distance between surface a and b, m
xi ; yi = geometrical progressionsused in tracing

radiative intensity’s propagation through
transmission and re� ection

®b;k = spectral absorption coef� cient
of bth layer, m¡1

0 = attenuated quotient of radiative intensity
by control volume or surface [Eq. (5)]

° .µ/bo = transmissivity of radiative intensity
propagating from layer b to layer o at
angle µ , 1 ¡ ½.µ/bo

1t = time interval, s
1xb = control volume thickness of bth layer, m
.±x/ie; .±x/iw = distance between nodes i and i C 1, and that

between nodes i and i ¡ 1, respectively,m
(Fig. 1)

"0;k; "1;k = emissivities of the outside and inside
of surface S1 , respectively

"2;k; "3;k = emissivities of the inside and outside
of surface S2 , respectively

´b = 1 ¡ !b

´0
i = 1 ¡ !0

i
2 = dimensionless temperature, T=Tr

µ = incidence angle
µi j = critical angle, arcsin.n j =ni /, if ni > n j

·b;k = extinction coef� cient of bth layer,
®b;k C ¾s;b;k , m¡1

¸ = wavelength, ¹m
¹ = cos µ
½b = density of bth layer of medium, kg m¡3

½.µ/bo = re� ectivity of intensity going from layer b
to layer o at angle µ

¾ = Stefan–Boltzmann constant, W m¡2 K¡4

¾s;b;k = spectral scattering coef� cient
of bth layer, m¡1

8r
i = radiative heat source term

of control volume i
!b;k = spectral scattering albedo of bth layer,

¾s;b;k=·b;k

!0
i;k = spectral scattering albedo of i th control

volume; when i · M1 , !0
i;k D !1;k ; when

M1 < i · M1 C M2, !0
i;k D !2;k ; when

M1 C M2 < i · Mt , !0
i;k D !3;k

Subscripts

b = layer index: b D 1; 2; 3
bo = intensity propagating from layer b to layer o
c = cth layer, either b or o layer
g = gas (air)
i; j = relative to nodes; index of geometrical

progression term
iw, ie = left and right interfaces of i th control

volume

k = relative to kth spectral band
o = oth layer, either b ¡ 1 or b C 1 layer
o¡o = refers to a composite with opaque surfaces
S1; S2 = relative to S1 and S2

u; v = 1 or 2, relative to S1 and S2

¡1; C1 = relative to S¡1 and SC1
==, ? = relative to component for parallel and

perpendicularpolarization, respectively

Superscripts

c = conduction
m = time step
r = radiation
s = specular re� ection
t = total heat � ux
¤ = normalized values

Introduction

T RANSIENT coupled radiative-conductive heat transfer in
semitransparent media (STM) is pervasive in engineering

applications,suchas theprocessingof glass products1 and insulating
techniques for the protection of aeroengines.2;3 In this paper
transient coupled radiative-conductive heat transfer in a three-
layer absorbing isotropically scattering composite medium with
opaque specular surfaces and semitransparentspecular interfaces is
analyzed.

Coupled heat transfer in a single semitransparentlayer with spec-
ular surfaceshas been investigatedby Siewert,4 Frankel,5 Ganapol,6

Schwander et al.,7 Su and Sutton,8 and Abulwafa et al.9 A two-layer
semitransparent composite with semitransparent surfaces and in-
terfaces has been investigated by Tan et al.,10 and the effects of
both specular and diffuse re� ection on coupled heat transfer are
discussed. But for a three-layer composite, re� ection and total re-
� ection become much more complex than that for a two-layer com-
posite, and the tracing method, used in Ref. 10, is not � t for this
condition. So one-layer and two-layer radiative intensity transfer
models, as shown in the Appendix, are put forward here to improve
the tracing method.

For specular re� ection, if the interface is semitransparent re� ec-
tivity at the interface is angularly dependent and determined by
the Fresnel re� ectivity coupled with Snell’s law.6¡11 For coupled
radiative-conductive heat transfer in a multilayer composite with
semitransparent and specular interfaces, the arrangement of refrac-
tive index is arbitrary. So re� ection, especially total re� ection, is
very complex. This problem is solved by the ray tracing method in
combinationwith Hottel and Saro� m’s zonalmethod12 in this paper.

In Ref. 11 Siegel divided the unpolarizedradiative incidence into
two equal, parallel and perpendicular, components and then traced
them separately.Correspondingto these two components, the spec-
ular re� ectivity at an interface is classi� ed as parallel and perpen-
dicular, as shown in the Appendix. This method of dealing with
unpolarized radiative incidence is adopted in this paper.

Physical Model and Governing Equation
Physical Model

As shown in Fig. 1, a three-layer composite of absorbing and
isotropically scattering STM is located between two black surfaces
S¡1 and SC1 , which respectively denote the surroundings outside
the two opaquespecularboundarysurfacesS1 and S2. The interfaces
P and Q are semitransparentand specular. The optical and thermal
properties of the medium in each layer are different from those of
the other layers.

The three layers are divided into M1 , M2 , and M3, control vol-
umes, respectively,and I1 , I2 , and I3 areused to denote the I th nodes
in the � rst, second, and third layers, respectively. Let Mt D M1 C
M2 C M3. Then the total node number is Mt C 2 (0, 1, : : : , Mt C 1/
with node 0 locating S1 and node Mt C 1 locating S2. For conve-
nience, all of the nodes are denoted by i except for the radiative
transfer coef� cient (RTC) expressions.The variationof the spectral
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Fig. 1 Physical model of a three-layer semitransparent composite.

parameters, such as ·b , ®b , ¾s;b , and nb , with respect to wavelength
are expressed by a series of rectangular spectral bands.10

Discrete Governing Equation and Boundary Conditions

The fully implicit discrete energy equation of the i th control vol-
ume in the bth layer is10

½bcb1xb

T m C 1
i ¡ T m

i

1t
D

km C 1
ie

¡
T m C 1

i C 1 ¡ T m C 1
i

¢

.±x/ie

¡
km C 1

iw

¡
T m C 1

i ¡ T m C 1
i ¡ 1

¢

.±x/iw
C 8r;m C 1

i (1)

Equation (1) is the same with that used in Ref. 10 except for .±x/ie

and .±x/iw , with mean variable grid size in each layer. By referring
to the expressionfor the radiative source term of the two-layer com-
posite in Ref. 10, the radiativeheat source term 8r

i of the three-layer
compositecan be written as 8r

i D qr
iw ¡ qr

ie D qr
.i ¡ 1/e ¡ qr

ie, where qr
ie

is10

qr
ie D ¾

NBX

k D 1

"
MtX

j D i C 1

±
n 02

1;k [S1V j ]
s
k;o¡o Ak;TS1

T 4
S1

¡ n 02
j;k [V j S1]s

k;o¡o Ak;T j T
4
j

²
C

iX

l D 1

MtX

j D i C 1

±
n 02

l;k [Vl V j ]
s
k;o¡oAk;Tl T

4
l

¡ n 02
j;k [V j Vl ]

s
k;o¡o Ak;T j T

4
j

²
C

iX

l D 1

±
n 02

l;k [Vl S2]s
k;o¡o Ak;Tl T

4
l

¡ n 02
Mt ;k [S2Vl ]

s
k;o¡o Ak;TS2

T 4
2

²
C n 02

1;k[S1S2]s
k;o¡o Ak;TS1

T 4
S1

¡ n 02
Mt ;k [S2 S1]

s
k;o¡o Ak;TS2

T 4
S2

#

1 · i < Mt (2)

The sum of radiation and conduction to surface S1 from inside the
composite medium is equal to the sum of radiation and convection
leaving the outside of surface S1 , that is,

¾

NBX

k D 1

"
MtX

j D 1

±
n02

j;k[V j S1]s
k;o¡o Ak;T j T

4
j ¡ n02

1;k [S1V j ]
s
k;o¡o Ak;TS1

T 4
S1

²

C n 02
Mt ;k [S2 S1]

s
k;o¡o Ak;TS2

T 4
S2

¡ n02
1;k[S1S2]s

k;o¡o Ak;TS1
T 4

S1

#

C
2k1

¡
T1 ¡ TS1

¢

1x1
D ¾

NBX

k D 1

n2
0"0;k

±
Ak;TS1

T 4
S1

¡ Ak;T¡1 T 4
¡1

²

C h1

¡
TS1 ¡ Tg1

¢
(3)

The discrete boundary condition of surface S2 is similar to Eq. (3).

RTCs for a Three-Layer Semitransparent Composite
The RTC of element (surface or control volume) i to element

j is de� ned as the quotient of the radiative energy that is re-
ceived by element j to that emitted by element i . The radia-
tion transfer process in scattering STM can be divided into two
subprocesses13: 1) emitting-attenuating-re� ecting subprocess and
2) absorbing-scatteringsubprocess.

In the � rst subprocess only the attenuation and emission of
medium are considered.For this conditionthe RTCs are represented
by .Su Sv /s

k;o¡o, .Su Vi /
s
k;o¡o, .Vi Su/s

k;o¡o, and .Vi V j /
s
k;o¡o . In the sec-

ond subprocess scattering is considered, and then the radiative en-
ergy represented by the RTCs .Vi V j /

s
k;o¡o etc. is redistributed. For

isotropic scattering the radiative energy scattered by element j is
uniformly distributed, and such a distribution is treated as being
equivalent to emission by element j . When the effect of isotropic
scattering is considered, the RTCs are represented by [Su Sv]s

k;o¡o ,
[Su Vi ]s

k;o¡o , [Vi Su ]s
k;o¡o , and [Vi V j ]s

k;o¡o .

RTCs for Emitting-Attenuating-Re� ecting Subprocess

The total .Mt C 2/2 RTCs of the three-layer composite medium
can be classi� ed into 25 categories, and, as an example, � ve pairs
of them are listed next:

n2
1;k .S1S2/s

k;o¡o D n2
3;k .S2S1/s

k;o¡o

n2
2;k

¡
VI2 S2

¢s

k;o¡o
D n2

3;k

¡
S2VI2

¢s

k;o¡o

n2
1;k

¡
VI1 VI2

¢s

k;o¡o
D n2

2;k

¡
VI2 VI1

¢s

k;o¡o

n2
2;k

¡
VI2 VI3

¢s

k;o¡o
D n2

3;k

¡
VI3 VI2

¢s

k;o¡o

¡
VI1 VJ1

¢s

k;o¡o
D

¡
VJ1 VI1

¢s

k;o¡o
(4)

For specularly re� ective interfaces and surfaces we can trace a
ray to analyze the radiative transfer in the three-layer composite
medium. Two basic radiative intensity transfer models of a one-
layer medium and a two-layer composite medium, presented in the
Appendix, are used in this analysis. The process wherein radiative
intensity is attenuatedand re� ected for so many times that it � nally
becomes zero is de� ned as “transferring once,” and the symbols
Fa2b

a1b ;k and Eb2c
b1b ;b » o;k , respectively, represent the radiative intensity

quotient transfer functions for these two models, as shown in the
Appendix. For example, EP2

P2;2 » 3;k denotes the quotient of the kth
spectral band radiative intensity � nally arriving at P2 (superscript)
to that emitted by P2 (subscript) after transferring once within the
two-layer composite model, which is composed of the second and
the third layers (denoted by subscript 2 » 3/. The quotient does not
indicate that the radiativeintensitycan pass throughinterface P and
be re� ected back through interface P . That is, it only relates to the
second and the third layers as well as their interfaces P, Q, and S2.
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Fig. 2 Sketch of RTC
(S1VI1

)sk;o ¡ o ray trajecto-
ries.

Here symbol P2 denotes the side of interface P facing toward the
second layer, whereas the other side of interface P facing toward
the � rst layer is denoted by P1. A similar de� nition is applied to
interface Q.

The detaileddeductiveprocessofRTC .S1VI1 /s
k;o¡o is exempli� ed

as follows. For convenience, omit the subscript k in the symbol F
and E. As shown in Fig. 2, assume S1 emits a radiative intensity
at angle µ , and then we can trace its propagation within the three
layers as follows:

1) After the precedingradiativeintensitytransfersoncewithin the
� rst layer, the portion of it arriving at VI1 for the � rst time is y1 D
FS1

VI1 , and another portion FP1
S1

° .µ/12 of it penetrates into the two-
layercompositemodel, composedof the secondand the third layers,
through interface P . After transferring once within the two-layer
composite model, the portion of the radiative intensity arriving at
P2 for the � rst time is x1 D FP1

S1
° .µ /12EP2

P2 ;2 » 3 (see Appendix for
further explanation).

2) A fraction° .µ /21 of the portion x1 penetratesinto the � rst layer,
and then after transferring once within the � rst layer the quotient
of the radiative intensity received by VI1 to that emitted by S1 at
angleµ for the second time is y2 D x1° .µ /21FP1

VI1 , and also a fraction
x1° .µ/21F

P1
P1

° .µ/12 of the radiativeintensitypenetratesinto the two-
layer composite again through interface P . Then the quotient of
the radiative intensity arriving at P2 to that emitted by S1 for the
second time, after transferringoncewithin the two-layer composite,
is x2 D x1° .µ /21 FP1

P1
° .µ /12 EP2

P2;2 » 3 .
3) Repeating the tracing process similar to that in step 2 for the

fraction x2, then the quotient of the radiative intensity arriving at
VI1 to that emitted by S1 for the third time is y3 D x2° .µ/21FP1

VI1.
Similarly, the nth fraction is yn D xn ¡ 1° .µ/21FP1

VI1 .
The quotients yi .i ¸ 2/ are an in� nite geometric progressionwith

a common ratio of ¯2 D ° .µ/21F
P1
P1

° .µ/12EP2
P2;2 » 3 .<1/. Thus the

total quotientof the radiativeintensityreceivedby VI1 to that emitted
by S1 at angle µ for each k spectral band is

0 D
1X

i D 1

yi D y1 C
y2

1 ¡ ¯2

D F
VI1
S1

C
FP1

S1
° .µ/12EP2

P2 ;2 » 3° .µ/21F
VI1
P1

1 ¡ ° .µ/21F
P1
P1

° .µ/12E
P2
P2;2 » 3

(5)

The transmissivity° .µ/ and re� ectivity ½.µ/ in Eq. (5) are func-
tions of the polarizationcomponents,as shown in the Appendix.So
correspondingto the paralleland the perpendicularcomponents,the
attenuation quotient 0 can be written as 0== and 0? . Then the total
attenuationquotient for the three-layer composite can � nally be ex-
pressed as .0== C 0?/=2 for the incidence of unpolarized radiative
intensity.By integratingthe expression.0== C 0?/=2 over the hemi-
sphericalspaceand consideringthe effect of the inside emissivityof
S1 simultaneously, the quotient of the radiative energy received by
VI1 to that emitted by S1 over the hemispherical space .S1VI1 /s

k;o¡o
can be found.Becauseof total re� ectionat interfaces,the integration
limits are closely related to the relative magnitudes of the refractive
indexes within the composite:

¡
S1VI1

¢s

k;o¡o
D "1;k

Z
¼=2

0

.0== C 0?/ sin µ cos µ dµ (6)

The attenuation quotient 0 is a function to describe the radiative
intensity transfer process. Because of total re� ection, the values of
° .µ/ and ½.µ/ can change, and 0 is not a continuous function with
respect to the variable µ 2 [0; ¼=2]. But if a criterion is introduced
such as that in the Appendix and the integration range [0; ¼=2] is
divided into many intervals according to the values of the critical
angles, arranged from small to large, then 0 becomes a continuous
function within any of the intervals and applies to any magnitude
relationship of the three refractive indexes.

RTCs for Absorbing-Scattering Subprocess

For an absorbing,nonscatteringcomposite theenergyrepresented
by the RTCs just deduced is totally absorbed by the second element
of each RTC, such as VI1 of .S1VI1 /

s
k;o¡o . But for an absorbing and

isotropically scattering composite, part of the energy represented
by the RTCs just deduced is absorbed, and the rest is scattered.
However, the following process should be further carried out. For
convenience,subscriptk and superscripts are omitted in the follow-
ing expressions,and subscript a is introduced to denote the absorp-
tion quotient in the deduction. At � rst, the RTCs calculated for the
emitting-attenuating-re� ecting subprocess should be normalized:

1) Control volume vs control volume .Vi V j /
¤ D .Vi V j /=

.4·b1xb/, where Vi 2 bth layer, i; j D 1 » Mt .
2) Control volume vs surface .Vi Su/¤ D .Vi Su/=.4·b1xb/, where

Vi 2 bth layer, i D 1 » Mt .
3) Surface vs control volume .Su Vi /

¤ D .Su Vi /="u , where
i D 1 » Mt .

4) Surface vs surface .Su Sv/¤ D .Su Sv/=."u/.
Only the media scatterand the surfacesdo not. Take the deductive

process for [Su V j ] as an example:
1) After the � rst scattering event, part .´0

j / of the fraction of
the radiative energy represented by .Su V j /

¤ and absorbed by V j is
[Su V j ]¤1st

a D .Su V j /
¤´0

j .
2) The fraction of radiative energy emitted by Su over the hemi-

spherical space and isotropically scattered by Vl2 .l2 D 1 » Mt / is
.Su Vl2 /

¤!0
l2

. This fractional scattered energy can be considered as
equivalent to emission by Vl2 . So this scattering event causes a part
.Su Vl2 /

¤!0
l2

.Vl2 V j /
¤´0

j of the radiative energy to be absorbed by V j .
The total control volume is composed of Mt nodes, and so after
the second scattering event the fraction of energy absorbed by V j

becomes

[Su V j ]
¤2nd
a D [Su V j ]

¤1s t
a C

MtX

l2 D 1

¡
Su Vl2

¢¤
!0

l2

¡
Vl2 V j

¢¤
´0

j (7)

3) In step 2 a fraction .Su Vl2 /¤!0
l2

of the scattered energy will be
scattered again by all of the control volumes, and this causes V j

to absorb some of the radiative energy emitted by Su for the third
scattering event. So after the third scattering event

[Su V j ]
¤3rd
a D [Su V j ]

¤2nd
a

C
MtX

l2 D 1

¡
Su Vl2

¢¤
!0

l2

"
MtX

l3 D 1

¡
Vl2 Vl3

¢¤
!0

l3

¡
Vl3 V j

¢¤
´0

j

#
(8)

4) The calculationis � nished if maxf1 ¡ [Su V j ]¤nth
a g < 10¡10 after

the nth scattering event:

[Su V j ]
¤nth
a D [Su V j ]

¤.n ¡ 1/t h
a C

MtX

l2 D 1

¡
Su Vl2

¢¤
!0

l2

""
MtX

l3 D 1

¡
Vl2 Vl3

¢¤
!0

l3

£

³³
MtX

l4 D 1

¡
Vl3 Vl4

¢¤
!0

l4 : : :

(
MtX

ln ¡ 1 D 1

¡
Vln ¡ 2 Vln ¡ 1

¢¤
!0

ln ¡ 1

£

"
MtX

ln D 1

¡
Vln ¡ 1 Vln

¢¤
!0

ln

¡
Vln V j

¢¤
´0

j

#)´́##
(9)

Then [Su V j ] can be found from [Su V j ] D "u [Su V j ]¤nt h
a . The

deductive processes for the rest of the RTCs, such as [Vi V j ],
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Table 1 Comparison of the results of this paper with those of Refs. 5 and 13 for transient case

Dimensionless Dimensionless radiative
temperature, T=Tr heat � ux, qr =.k1·1Tr /

References X D 1
4 X D 1

2 X D 3
4 X D 0 X D 1

2 X D 1

5: Eighth-order approximation, ! D 0:5 0.4893 0.1773 0.0587 1.9342 1.3289 0.8319
13: 1t¤ D t¤

Ref: 5=5000, Mt D 200, ! D 0:5 0.48935 0.17731 0.05869 1.93422 1.32883 0.83190
Current paper: 1t¤ D t ¤

Ref: 5=1000, Mt D 397, !b D 0:5 0.48924 0.17729 0.05871 1.93425 1.32881 0.83188

[Vi Su ], and [Su Sv ] are similar. Because ®b D ·b´b , after the nth
scattering event, [Vi V j ] D 4·b´b1xb[Vi V j ]¤nth

a .Vi 2 bth layer),
[Vi Su ] D 4·b´b1xb[Vi Su]¤nt h

a , and [Su Sv] D "u [Su Sv]¤nt h
a , where the

expressions of [Su Sv]¤nth
a , [Vi V j ]¤nt h

a , and [Vi Su ]¤nth
a are similar to

Eq. (9). For simplicity, they are omitted here. By referring to Ref. 13
and Ref. 10, more technical information about the deduction of
isotropic scattering RTCs can be found.

Numerical Method and Validation

The radiative heat source term 8r
i is a nonlinear function of tem-

perature. It can be linearized by Patankar’s method14;15:

8r;m;n C 1
i D 8r;m ;n

i C
³

d8r
i

dTi

´m;n¡
T m;n C 1

i ¡ T m;n
i

¢

D Scm ;n C 1
i C Spm;n C 1

i T m ;n C 1
i (10)

where superscriptn and n C 1 denote the nth and .n C 1/th iterative
calculations;Sci represents the constant part of 8r

i ; Spi is the mod-
ulus of Ti ; and Sp · 0 (Ref. 15). Solving the linearizedequationsby
the tridiagonalmatrix algorithmgives the temperaturesof all nodes.

The correctness of the RTCs is � rst validated by Eq. (4) and the
following equations:

MtX

j D 1

[Vi V j ]
s
k;o¡o C [Vi S1]

s
k;o¡o C [Vi S2]s

k;o¡o

D 4·b´b1xb D 4®b1xb; Vi 2 bth layer

MtX

j D 1

[Su V j ]
s
k;o¡o C [Su Sv]s

k;o¡o C [Su Su]s
k;o¡o D "u;k

u; v D 1 or 2 (11)

After detailedcalculationand carefulexamination,it is found that
Eqs. (4) and (11)are satis� ed.For example,for thecaseof a compos-
ite with opticalpropertiesof n1 D 1:8, n2 D 1:5, n3 D 2, ·1 D 10 m¡1,
·2 D 100 m¡1, ·3 D 50 m¡1, !1 D !2 D !3 D 0, and "1 D "2 D 0:7;
with thickness values of L1 D L2 D L3 D 0:01 m, we chose the con-
trol volumes of this case as M1 D M2 D M3 D 100. After calculating
all of the RTCs, we checkedto see if Eqs. (4) and (11) were satis� ed.
Several pairs of comparison results are listed here:

n2
1;k .S1S2/s

k;o¡o D 0:118074314279238

n2
3;k .S2S1/s

k;o¡o D 0:118074314279368

n2
2;k

¡
V902 V53

¢s

k;o¡o
D 0:00019439857733

n2
3;k

¡
V53 V902

¢s

k;o¡o
D 0:00019439857733

MtX

j D 1

[V201V j ]
s
k;o¡o C [V201 S1]

s
k;o¡o C [V201S2]s

k;o¡o

D 0:019999999998; 4·31x3 D 0:02

MtX

j D 1

[S1V j ]
s
k;o¡o C [S1S2]

s
k;o¡o C [S1 S2]

s
k;o¡o D 0:700000000000

"1 D 0:7

MtX

j D 1

[S2V j ]
s
k;o¡o C [S2S1]s

k;o¡o C [S2 S1]
s
k;o¡o D 0:700000000000

"2 D 0:7 (12)

In addition, if the parameters in all layers are allowed to be
the same the three-layer composite is equivalent to a one-layer
medium. So the results of this investigation can be compared with
those of Refs. 5 and 13, which investigated the transient cou-
pled heat transfer in a single layer with opaque surfaces. The
parameters used were "1 D "2 D 1, n1 D n2 D n3 D 1, TS1 D Tr D
1000 K, TS2 D T0 D 0 K, ½bcb D constant (b D 1 » 3/, !b D 0:5,
Nb;Ref: 5 D k1·1=.4¾ T 3

r / D 0:1 (de� ned by Ref. 5), and t¤
Ref: 5 D

k1·
2t=.½1c1/ D 0:05. To let L1·1 C L2·2 C L3·3 D 1 and for the

nodes located at X D 1
4 and 3

4 to appear in the calculations, the
thickness, extinction coef� cient, and control volumes of each
layer were chosen as L1 D L3 D 0:1300505 m, L2 D 0:739899 m,
·1 D ·2 D ·3 D 1 m¡1, M1 D M3 D 52, M2 D 293. As shown in
Table 1, for the results of !b D 0:5 good agreement is reached with
Refs. 5 and 13.

Results and Discussion
As a special case, a gray medium is analyzed in the following.

The parameters for the reference condition are shown in Table 2.
By comparing with the reference condition, the effects of surface
emissivity,scatteringalbedo,refractiveindex,extinctioncoef� cient,
and conduction-radiation parameter are investigated.

In the calculations the number of control volumes of each sub-
layer is chosen as M1 D M2 D M3 D 100, and a constant time step
1t D t=100 is applied, which can provide enough precision. The
steady state is de� ned to be reached if max jT m C 1

i ¡ T m
i j < 10¡5.

Effect of Conduction-Radiation Parameter
on Temperature Distribution

Figure 3 shows the effect of changing the conduction-radiation
parameters in the three layers as compared to those of the reference
condition in Table 2.

With the increase in conduction-radiationparameter, the temper-
ature distributioncurves become smoother. For instance, the results
for very large conduction-radiation parameters (dashed lines) are
almost linear at steady state. The corresponding transient heat-� ux
distributions are presented in Figs. 4 and 5, respectively.As shown
in Fig. 4, the conductiveheat � uxes in the � rst and the second layers
are very small. In Fig. 5, however, the increase in the conduction-
radiation parameters of the � rst and the second layers causes the
conductive heat � uxes to increase considerably, the radiative heat
� ux to decrease,and the total heat � ux to increase(Table 3). With the
evolution of the process, the radiative heat � ux in the � rst layer de-
creases and that in the third layer increases,but a contrarycondition
results for the conductive heat � ux. When steady state is reached,
the total heat � ux tends to be a constant value.

Effect of Surface Emissivity on Temperature Distribution

Figure 6 demonstrates surface emissivity effects. As shown by
there, an increase in surface emissivity (dashed lines) causes the
temperatures in the medium and at the surfaces to increase and the
steady heat � ux to increase (Table 3). Decreased surface emissiv-
ity for S2 (dash-dot lines) causes the temperatures in the composite
medium to increase but the steady heat � ux to decrease (Table 3).
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Table 2 Reference case parameters

Parameter Value

T¡1 1000 K
TC1 500 K
Tg1 D Tg2 500 K
T0 500 K
Tr 1000 K
·1 10 m¡1

·2 100 m¡1

·3 50 m¡1

n3 2
h1 D h2 100 W m¡2 K¡1

½1c1 5 £ 104 J m¡3 K¡1

½2c2 105 J m¡3 K¡1

½3c3 104 J m¡3 K¡1

"0 D "1 D "2 D "3 0.7
N1 0.001
N2 0.006
N3 0.06
L1 D L2 D L3 0.01 m
!1 D !2 D !3 0

Fig. 3 Effect of conduction-radiation parameter on temperature
distribution.

Fig. 4 Heat-� ux distribution for Table 2 inputs.

Table 3 Total dimensionless steady-state heat � ux ( Äqt )

Line type Fig. 3 Fig. 6 Fig. 7 Fig. 8 Fig. 9

Solid 0.1436 0.1436 0.1436 0.1436 0.1436
Dashed 0.1578 0.2300 0.1415 0.1215 0.1219
Dash–dot 0.1359 0.1346 0.1389 0.1113 0.1242
Dotted —— —— —— 0.1290 0.1360

Fig. 5 Heat-� ux distribution for N1 = N2 = N3 = 0:06.

Fig. 6 Effect of surface emissivity on temperature distribution.

The reason is that more radiative energy emitted from S1 and the
medium is re� ected back by S2, and the radiating ability of S2 to
SC1 for cooling is weakened.

Effect of Scattering Albedo on Temperature Distribution

The increase in scattering albedo causes the emitting-absorbing
abilityof thecompositemediumto decrease.So the energyabsorbed
by S1 from S¡1 is less adequately reemitted out by S1 toward the
insideof the composite than the referencecase does, and at the same
time more of the radiative energy, emitted by S1, is scattered by the
composite medium to cause S2 to absorb more energy.As shown in
Fig. 7, compared with the reference case, an increase in scattering
albedo causes the surface temperatures to rise fast, the medium
temperature in central region of the composite to rise slowly, and
the steady state heat � ux to decrease.

Effect of Refractive Index on Temperature Distribution

From Fig. 8, when n1 decreases (dashed lines), the emitting abil-
ity of the inside of S1 is weakened, and so only the temperaturesof
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Fig. 7 Effect of scattering albedo on temperature distribution.

Fig. 8 Effect of refractive index on temperature distribution.

S1 and its adjacentmediumare higher than that of the referencecase,
but the medium temperature in the main region of the composite is
lower. The decrease in n2 (dash–dot lines), which intensi� es re� ec-
tion and total re� ection at interface P , causes more of the radiative
energy, emitted by S1 and the � rst layer medium, to be re� ected
back to the � rst layer at interface P , and so the temperature in the
� rst layer increases and that in the third layer decreases. When n3

decreases (dotted lines), more of the radiative energy, mainly emit-
ted by S1 , is re� ected back to the second and the � rst layers by
interface Q because total re� ection is changed from the third layer
to the second layer at interface Q, and so the temperature in the
main region of the composite increases except for that at surface S2

and its adjacent region. In addition, the decrease in any of the three
refractive indexes can result in a decrease in the steady state heat
� ux, as shown in Table 3, and so this indicates the heat-transfer
ability of the composite is weakened if any of the three refractive
indexes decreases. The relative magnitudes of n1, n2, and n3 affect
the temperature distribution in the composite medium.

Effect of Extinction Coef� cient on Temperature Distribution

As shown in Fig. 9, when the extinction coef� cient of the � rst
layer increases (dashed lines) the � rst layer absorbs more radiative
energy emitted by S1, and less can be transferred into the second
and the third layers. So in the transient beginning the temperatures
in the second and the third layers decrease and that of the � rst layer
increases. In the steady state the temperaturesof most region of the
composite decrease except for that of surface S1 and its adjacent
region.

Fig. 9 Effect of extinction coef� cient on temperature distribution.

When the extinction coef� cient of the second layer increases
(dash–dot lines), the second layer intensively absorbs radiative en-
ergy coming from its left direction, and so the peak temperature
near interface P becomes very clear in this layer, and at the same
time the temperature of the third layer falls. In addition the second
layer can emit more radiative energy to the � rst layer because of its
intensi� ed emitting ability and causes the temperature of the � rst
layer to rise.

An increase in the extinctioncoef� cient of the third layer (dotted
lines) causes the temperaturesof the � rst and the secondlayers to in-
crease and the temperaturesof S2 and its adjacent region to decrease
becauseof the intensi� ed emitting and absorbing ability of the third
layer. As shown in Table 3, an increase in extinction coef� cient of
any layer will cause the steady-state heat � ux to decrease.

Conclusions
By employing the ray-tracingmethod in combinationwith Hottel

and Saro� m’s zonal method, the RTCs for a three-layer absorbing
and isotropically scattering composite medium are derived. Using
theRTCs, the radiativeheat source term in theenergyequationis cal-
culated.The transientenergyequation is solvedby the fully implicit
control-volumemethod in combinationwith a spectral band model.
With combined convection and radiation boundary conditions the
transient temperature distribution and heat � ux in the composite
medium are obtained.

The effects of conduction-radiation parameter, surface emissiv-
ity, scattering albedo, refractive index, and extinction coef� cient on
transient coupledheat transferare investigatedin detail.By compar-
ison and validation the method and results presented in this paper
possess the satis� ed precision.The followingconclusionsare made:

1) On the basis of one-layer and two-layer radiative intensity
transfer models, a multilayer radiative intensity transfer model can
be easily established.

2) For specular and semitransparent interfaces, by introducing a
criterion to divide the integration range [0; ¼=2] into many intervals
and arranging them accordingto the valuesof critical angle the total
attenuation quotient 0 can become a continuous function within
any of the intervals and � ts for any relative magnitude of refractive
indexes within the layers.

3) An increase in a layer’s conduction-radiation parameter or in
surface emissivity tends to make the steady-stateheat � ux increase.

4) With constant extinction coef� cient an increase in scattering
albedo of a layer causes the steady-state heat � ux to decrease.

5) A decrease in refractive index or an increase in the extinction
coef� cient of any layer will weaken the heat transfer in the compos-
ite medium. The relative magnitudes of the refractive indexes and
the extinction coef� cients in the three layers affect the temperature
distribution.
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Appendix: Two Basic Radiative
Intensity Transfer Models

For semitransparentcompositewith specularand semitransparent
interfaces, we can trace a ray emitted at an arbitrary angle to get
the attenuation expression. Two basic radiative intensity transfer
models for a one-layer medium and a two-layer composite medium
are put forward here, which are very helpful to derive the RTCs
for a three-layer composite. The symbols Fa2b

a1b ;k and Eb2c
b1b ;b » o;k are

introduced respectively to represent the radiative intensity quotient
transfer functions for the two models, which mean the ratios of the
spectral radiative intensity arriving at a2b (superscript) (or b2c/ to
that emitted by a1b (subscript) (or b1b/ in the kth spectral band.
Symbols b, c, and o denote the bth, cth, and oth layers, respectively,
and o D b ¡ 1 or b C 1, c D b or o. Subscript b » o denotes that
the two-layer composite medium is composed of the bth and its
adjoining oth layers.

In allusion to the deductiveprocess for determining .S1VI1 /s
k;o¡o ,

a detaileddescriptionof the basic radiativeintensity transfermodels
is presented as follows. For convenience, the subscript k is omitted
here.

One-Layer Basic Radiative Intensity Transfer Model

Assume that the two parallelboundariesof the bth layer are A and
B. Radiativeintensity,emittedby the mth element(surfaceor control
volume) in the µ direction, enters the bth layer through boundary
A or B. Then the radiative intensity will be attenuatedand re� ected
repeatedlywithin the layer until it � nally becomes 0. By tracing the
transfer process, the following expressions are obtained:

F
VIb
Ab

D
±±

½.µ/b;b C 1 exp
©
¡·b

£
Lb C x Bb

.I C 1/b

¤¯
¹b

ª

C exp
¡
¡·bx Ab

Ib

¯
¹b

¢²²
[1 ¡ exp.¡·b1xb=¹b/]=.1 ¡ ¯1/

F
VIb
Bb

D
©
½.µ/b;b ¡ 1 exp

£
¡·b

¡
Lb C x Ab

Ib

¢¯
¹b

¤

C exp
£
¡·bx Bb

.I C 1/b

¯
¹b

¤ª
[1 ¡ exp.¡·b1xb=¹b/]=.1 ¡ ¯1/

FBb
Bb

D exp.¡2·b Lb=¹b/½.µ/b;b ¡ 1=.1 ¡ ¯1/

FAb
Ab

D exp.¡2·b Lb=¹b/½.µ/b;b C 1=.1 ¡ ¯1/ (A1)

where¯1 D exp.¡2·b Lb=¹b/½.µ/b;b ¡ 1½.µ/b;b C 1, ¹b D cos µb , and
µb is the propagation angle in the bth layer. According to Snell law,
the relationship between µ and µb is16

µb D arcsin.nm sin µ=nb/ (A2)

The detailed form of Eq. (A1) for each layer of the three-layer
composite is obtained if the following replacements are made:
1) for the � rst layer b D 1, A D S, and B D P ; 2) for the second
layer b D 2, A D P , and B D Q; 3) for the third layer b D 3, A D Q,
and B D S.

The re� ectivity ½.µ / in Eq. (A1) is a function of polarization
component, and so the form of each function Fa2b

a1b
in Eq. (A1) cor-

respondsto theperpendicularand parallelcomponents.For a perfect
dielectricmedium the effect of the extinctioncoef� cient in the com-
plex index of refraction can be neglected. When radiative intensity
enters the adjoining oth layer from the bth layer at angle µb , the
re� ectivity ½.µb/bo is11;16

½==.µb/bo D
µ

tan.µb ¡ ’o/

tan.µb C ’o/

¶2

.for parallel component/ (A3a)

½?.µb/bo D
µ

sin.µb ¡ ’o/

sin.µb C ’o/

¶2

.for perpendicular component/ (A3b)

Fig. A1 Two-layer basic radiative intensity transfer model.

where ’o is the propagation angle in the oth layer. According to
Snell’s refractive law,16

’o D arcsin.nb sin µb=no/ (A4)

Substituting Eq. (A2) into Eqs. (A3) and (A4), the re� ectiv-
ity ½.µb/bo can be written as ½.µ /bo , which becomes a func-
tion of angle µ . So, if any element (surface or control volume)
emits radiative intensity at an angle µ the specular re� ectivities
at all interfaces for the radiative intensity propagating within the
three-layer composite are determined by µ . When nb > no and if
µb > arcsin.no=nb/, total re� ection occurs, and ½.µ/bo D 1. When
radiativeintensitypropagatesin the reversedirection,the re� ectivity
is ½.µ/ob D ½.µ/bo , if total re� ection ½.µ/ob D 1 does not occur. If
nb D no, then ½.µ/ob D ½.µ/bo D 0.

If the boundary is opaque, such as S1 and S2 , then the re� ectivity
is ½.µ/ D 1 ¡ ", where, " is the emissivity of the opaque surface.

Two-Layer Basic Radiative Intensity Transfer Model

Based on the one-layer basic radiative intensity transfer model,
the two-layer model can be created. Taking EP2

P2 ;2 » 3 as an example,
as shown in Fig. A1, thedetaileddeductionof the two-layerradiative
intensity quotient transfer function is presented next:

1) Assuming P2 emits radiative intensity, then after transferring
once in the second layer the quotient of the radiative intensity ar-
riving at P2 for the � rst time is x1 D FP2

P2
, and a fraction FQ2

P2
° .µ /23

of the radiative intensity enters the third layer through the inter-
face Q. Then after transferring once in the third layer the quo-
tient of the radiative intensity arriving at Q3 for the � rst time is
y1 D FQ2

P2
° .µ/23F

Q3
Q3

.
2) Next, a fraction ° .µ /32 of the quotient y1 enters the second

layer. Then after transferring once in the second layer the quo-
tient of the radiative intensity arriving at P2 for the second time
is x2 D y1° .µ/32FP2

Q2
. Again, a fraction y1° .µ /32FQ2

Q2
° .µ/23 of the

radiative intensity enters the third layer, and after transferring once
within the third layer the quotientof the radiativeintensityarrivingat
Q3 for the second time is y2 D y1° .µ /32FQ2

Q2
° .µ/23FQ3

Q3
.

3) Repeating step 2 for quotient y2, then the quotient of
the radiative intensity arriving at P2 for the third time is
x3 D y2 ° .µ/32F

P2
Q2

, and that arriving at Q3 for the third time is y3 D
y2 ° .µ/32 FQ2

Q2
° .µ/23FQ3

Q3
.

Trace the transfer process in this way until the radiative inten-
sity � nally attenuates to 0. Here, xi .i ¸ 2/ is an in� nite geometric
series with a common ratio of ¯2 D ° .µ/32FQ2

Q2
° .µ/23F

Q3
Q3

(and
¯2 < 1/. Then the total quotient of the intensity emitted by P2 and
� nally arriving at P2 is derived as

EP2
P2 ;2 » 3 D x1 C

1X

i D 2

xi D FP2
P2

C
FQ2

P2
° .µ/23FQ3

Q3
° .µ/32F

P2
Q2

1 ¡ ¯2

(A5)

If all correspondingparametersof the two layers are the same, the
two-layer model transforms into a one-layermodel with a thickness
of L D L2 C L3, and the two-layer radiative intensityquotient trans-
fer function EP2

P2 ;2 » 3 can transform into the one-layer radiative in-
tensity quotient transfer function by using the relationship½.µ/23 D
½.µ /32 D 0, that is, EP2

P2 ;2 » 3 D FP2
P2 ;2 » 3 .
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